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Abstract. We investigate the convergence of the mean curvature flow of ar- 
bitrary codimension in Riemannian manifolds with bounded geometry. We 
prove that if the initial submanifold satisfies a pinching condition, then along 
the mean curvature flow the submanifold contracts smoothly to a round point 
in finite time. As a consequence we obtain a diffcrcntiable sphere theorem for 
submanifolds in a Riemannian manifold. 



1. Introduction 

Let F : M n -> N n+d be a smooth immersion from an n-dimensional Riemann- 
ian manifold without boundary to an (n + (i)-dimensional Riemannian manifold. 
Consider a one-parameter family of smooth immersions F : M x [0, T) — > N satis- 
fying 



(1.1) 



§- t F(x,t) = H(x,t), 
F(x,Q) =F (x), 



where H{x,t) is the mean curvature vector of F t (M) and F t (x) — F(x,t). We call 
F : M x [0, T) — > N the mean curvature flow with initial value F : M — > N. 

The mean curvature flow was proposed by Mullins [16] to describe the formation 
of grain boundaries in annealing metals. In [3], Brakke introduced the motion of 
a submanifold by its mean curvature in arbitrary codimension and constructed a 
generalized varifold solution for all time. For the classical solution of the mean cur- 
vature flow, many works on hypersurfaces have been done. Huisken [9] showed that 
if the initial hypersurface in the Euclidean space is compact and uniformly convex, 
then the mean curvature flow converges to a round point in a finite time. Later, he 
generalized this convergence theorem to the mean curvature flow of hypersurfaces 
in a Riemannian manifold in |10j . He also studied in |llj the mean curvature flow 
of hypersurfaces satisfying a pinching condition in a sphere. 

For the mean curvature flow of submanifolds with higher codimensions, fruit- 
ful results were obtained for submanifolds with low dimension or admitting some 
special structures, see [HI [20l EH [22l EH Ell EH [26] etc. for example. Recently, 
Andrews and Baker L proved a convergence theorem for the mean curvature flow 
of closed submanifolds satisfying a suitable pinching condition in the Euclidean 
space. In [13l[T5], the authors of the present paper and Ye investigated the integral 
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curvature pinching conditions that assure the convergence of the mean curvature 
flow of submanifolds in an Euclidean space or a sphere. More recently, Baker [2] 
and Liu- Xu- Ye- Zhao [Tl] generalized Andrews- Baker's convergence theorem [T] for 
the mean curvature flow of submanifolds in the Euclidean space to the case of the 
mean curvature flow of arbitrary codimension in space forms. 

In this paper, we study the convergence of the mean curvature flow of submani- 
folds in a general Riemannian manifold. Let F : M N be a smooth submanifold. 
Suppose the sectional curvature Kn, the first covariant derivative V-R of the Rie- 
mannian curvature tensor, and the injectivity radius inj(iV) of the ambient space 
N satisfy 

(1.2) -K 1 <K N <K 2 , 

(1.3) \VR\<L, 

(1.4) inj(N)>i N , 

for nonnegative constants K±, K 2 , L and positive constant ijy. Our main result is 
the following: 

Theorem 1.1. Let F : M™ -> N n+d be an n- dimensional smooth closed and con- 
nected submanifold in an (n + d) -dimensional smooth complete Riemannian mani- 
fold satisfying U.2\) - [T^\ l. There is an explicitly computable nonnegative constant 
bo depending on n, d, K\, K2 and L such that if F satisfies 



(1.5) \A\* < 



2 / J 3n 



±\H\ 2 -b , n = 2,3, 
^\H\ 2 -b Q , n>4, 



then the mean curvature flow with F as initial value contracts to a round point in 
finite time. 

Theorem 11.11 can be considered as an extension of the convergence result of 
Huisken in |10j to higher codimension case under a curvature pinching condition 
rather than the convexity of the initial hypersurface. On the other hand, if N = 
R n+d , then 60 = 0. From Proposition 7 of [1: we see that, under their initial 
curvature pinching condition (|1.5|) is satisfied after a short time interval. Hence our 
Theorem 11.11 may also be considered as a generalization of the convergence theorem 

By the Nash imbedding theorem, every compact Riemannian manifold can be 
isometrically embedded into an Euclidean space or a higher dimensional Riemann- 
ian manifold as a submanifold, in general of higher codimension. By using mean 
curvature flow techniques developed in this paper we can study certain important 
problems in Riemannian geometry which will be the content of our forthcoming 
works. 

As a consequence of Theorem 11.11 we obtain the following diffcrcntiable sphere 
theorem for submanifolds in a Riemannian manifold. 

Corollary 1.2. Under the assumption of Theorem ] 1. 11 M is diffeomorphic to the 
standard unit n-sphere §" . 

Remark 1.3. In [5j [23 [29] , some differentiable sphere theorems for simply connected 
submanifolds in certain Riemannian manifolds were obtained by using convergence 
results for the Ricci flow. 
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The paper is organized as follows. In Section 2, we introduce some basic equa- 
tions in sub-manifold theory, and recall some evolution equations along the mean 
curvature flow. In Section 3, we show that the pinching condition (|1.5p for a suit- 
able bo is preserved along the mean curvature flow. A pinching estimate for the 
tracefree second fundamental form is obtained in Section 4, which implies that the 
submanifold becomes spherical as t tends to the maximal existence time. We also 
show that, under the initial pinching condition, the maximal existence time is finite. 
We give an estimate of the gradient of the mean curvature in Section 5, which is 
used to compare the mean curvature at different points. In Section 6, we show that 
the submanifold shrinks to a single point in hnite time. After the dilation of the 
ambient space and a reparameterization of time, the ambient space will converges 
to the Euclidian space and the submanifold will converges to a totally umbilical 
sphere with the same volume as the initial submanifold. 

2. Preliminaries 

Let F : M n -> N n+d be a smooth immersion from an n-dimensional Riemannian 
manifold M n without boundary to an (n + <i)-dimensional Riemannian manifold 
7V n+d . We shall make use of the following convention on the range of indices: 

1 < h j> k, ■ ■ ■ < n, 1 < A, B, C, • • • < n + d, and n + 1 < a, /3, 7, • • • < n + d. 

Choose a local orthonormal frame field {e^} in N such that e^'s are tangent to 
M. Let {oja} be the dual frame field of {e^}- The metric g and the volume form 
du of M are g — J2i u i ® w i an d d/J, = u)\ A • • • A u) n . 

For any x € M, denoted by N X M the normal space of M at point x, which 
is the orthogonal complement of T X M in F*T F t x \N. Here we identify T X M with 
its image under the map F*. Denote by V the Levi-Civita connection on N. The 
Riemannian curvature tensor R of N is defined by 

R(U, V)W = ~VjjV v W + V v VuW + V [uy] W 

for vector fields U, V and W tangent to N. The induced connection V on M is 
defined by 

v x y = (v x y) T , 

for X,Y tangent to M, where ( ) T denotes tangential component. Let R be the 
Riemannian curvature tensor of M. 

Given a normal vector field £ along M, the induced connection V -1- on the normal 
bundle is defined by 

where ( ) _L denotes the normal component. Let R 1 - denote the normal curvature 
tensor. 

The second fundamental form is defined to be 

A(X,Y) = (VxF) 1 

as a section of the tensor bundle T*M ® T*M ® NM : where T*M and NM are 
the cotangential bundle and the normal bundle on M. The mean curvature vector 
H is the trace of the second fundamental form defined by H = tx g A. 
The first covariant derivative of A is defined as 

(V X A)(Y, Z) = VjcA(Y, Z) - A(V X Y, Z) - A(Y, V X Z), 
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where V is the connection on T*M ® T*M ® iVAf . Similarly, we can define the 
second covariant derivative of A. 

Under the local orthonormal frame field, the components of second fundamental 
form and its first and second covariant derivatives of A are defined by 

hfj =(A(ei, ej), e a ), 
V k h% =((V e ^)(e i) e i ),e a > ) 
VlVkh.% =<(V ei Ve fc A)(e i ,e i ),e a }. 

The Laplacian of A is defined by Ahfj = J2k ^k^khfj. 

We define the tracefree second fundamental form by A = A — —g ® H, whose 
components are hfj = hfj — ^H a Sij, where H a = J2k^kk- Obviously, we have 

v K i). 

Let 

g{R(e l ,e ] )e k ,ei), 
(R(e A ,e B )e c ,e D ), 
(R ± (e i ,ej)e a ,ep). 

Then we have the following Gauss, Codazzi and Ricci equations. 

Rijkl = Rijkl + ^2 { h ?k h< ji ~ Kltijk) > 

a 

Vfc/i 4 " - Vjhf k = -R ai jk, 

R ija(3 = Rija/3 + ^2 { k ik h jk ~ h jk h ik) ■ 
k 

It is standard to show the short-time existence of the mean curvature flow 
with closed initial value. Since the mean curvature flow is a (degenerate) quasilinear 
parabolic evolution equation, one can obtain the short-time existence by using the 
Nash-Moser implicit function theorem as in [B|. One can also use the De Turck 
trick to modify the mean curvature flow equation to a strongly parabolic equation, 
and the short-time existence follows from the standard parabolic theory. 

Let F : M n x [0,T) — > N n+d be a mean curvature flow solution. We have the 
following evolution equations. 

Lemma 2.1. Along the mean curvature flow we have 



Rijkl — 



R 



ABCD 
RijaB 



(2.1) 



— dfh = -\H\ 2 dii t , 
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(2.2) 

a |A| 2 =A|^-2|VA| 2 +2^(^^) 2 + 2 J2 [E(^p<-^X P ) 12 

a,/3 i,j i,j,a,/3 p 



dt 



4 E On* ( E - 4 E ***** ( E W 

i,j,p,q a j : k,p ijOt 

2 £ R kakp ( £ ^ - 8 J2 R iP<*P ( E h l h 



k,a,{3 i,j j,p,a,0 

i,j,k,/3 i,j,k,/3 



(2.3) I 2 -A|i7| 2 - 2|ViJ| 2 + 2]T (E^S) Z + 2 E R^ kP H a HP. 

Throughout this paper, we assume that the submanifold is connected, and the 
ambient space N satisfies ()1.2p - (|1.4|) for nonnegative constants K\, K 2 , L and 
positive constant in- By Berger's inequality (see [4] for a proof), we see that the 
\Racbc\ < l(Ki + K 2 ) for A ^ B and \R A bcd\ < §(#1 + K 2 ) for all distinct 
indices A, B, C, D. 

3. A PRESERVED CURVATURE PINCHING CONDITION 

In this section, we prove that the pinching condition ()1.5j) for a suitable bo > 
is preserved along the mean curvature. But first we prove the following lemma. 

Lemma 3.1. For any r\ > we have the following inequalities. 

(3.1) |VA| 2 > - „) |Vff| 2 - -4- ( - - At) M 2 , 

\n + 2 / 7i + 2\ ?i + 2 71 — 1 / 

|VA| 2 - i|Vi/| 2 >^ll|VA| 2 - ^ -\w\ 2 

(32) ' ' n l 1 -2n + l' 1 (n-l)(2n+l)' 1 

>^-±\VAf-C(n,d)(K 1+ K 2 f. 
2n + 1 

— 4 , 

ifere w = RctjijCi ® ^ a™d C(n, d) = 2(n _" )(2 „ +1) ■ 

Proof. Inequality p.2[) follows from (|3.1I) with 77 = n ™~+ 2 ) ■ To P rove we set 

Eijk = n (Vjifffjfc + 'VjHgik + ^kHg lj ) 

2 n 

~ 7 — roV? TT w ^ifc + 7 — -^7 7r(wj9ik + w k gij). 

[n + 2)(n— 1) (n + 2)(n — 1) 

Let i^jfe = V ihj k — Eij k . By the Codazzi equation we have (-Eyfe, -FV/fc) = 0. Hence 
|VA| 2 > |-E| 2 . By a direct computation, we have 

i*' 1 - + ( ,, + 2);-i) W 2 + ^5<^.->- 

Then fl3.1[) follows from Schwartz's inequality, Young's inequality and Berger's in- 
equality. □ 
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Theorem 3.2. There is a positive constant b\ depending on n, d, K\, K2, L and 
a such that if \A\ 2 < a\H \ 2 — b holds for some constant a < and b > b\ at t = 0, 
then it remains true for t > 0. 

Proof. Set Q — \A\ 2 — a\H\ 2 + b, where a < j-, b > &i, and b\ is a positive constant 
to be determined. We will compute the evolution of Q along the mean curvature 
flow, and show that if Q — at a point in the space-time, then ( — A)Q is negative 
at this point. By the maximum principle, the theorem follows. 
By Lemma 12.11 we have 

(3.3) ^-Q =AQ - 2(\VA\ 2 - a\VH\ 2 ) + 2R 1 - 2aR 2 + P Q , 



dt 



where 



1 p 

"jp'^ip 

a, 13 i,j i,j,a,P P 

^ = E(E^ 2 



2 



and P a = I + II + III + IV with 



1 - 4 E Ri Pii ( E h pq h ?j) ~ 4 E Rk i k P ( E h pi h ij) ' 
11 = 2 R k<*w(j2 h % h l) - 2a E Rk ak pH a HP, 



in = s ^(E^X 

At the point where Q = 0, the mean curvature vector is not zero. Hence we 
choose e„+i = pyy. The second fundamental form can be written as A = ^ Q h a e a , 
where h a , n+1 < a < n + d, are symmetric 2-tensors. By the choice of e n +i, we see 
that H n+1 = trh n+1 = \H\ and H a = trh a = for a > n + 2. The tracefree second 
fundamental form may be rewritten as A = ^2 a h a e a , where h n+1 = h n+1 — ^-Id 
and h a = h a for a> n + 2. We set 



\A\ 2 H = \h n+1 \ 2 , \A\ 2 = J2 \h a \ 2 = \A\ 2 -\A\%, 

a>n+2 

\A\ 2 H = \h n+1 \ 2 , \A\ 2 = ]T \h a \ 2 = \A\ 2 -\A\ 2 H . 

a>n+2 

Notice that \A\ 2 H = \A\% + ^ and \A\j = \A\j. 

Since Q = at this point, we have \H\ 2 = _t b ■ By the computation in [1] we 
have 

2R, - 2aR 2 <U- 2 ) \A\ 2 H \A\ 2 +U- 2 ) \A\j 
\ n(a — — ) J \ n(a— — ) / 

' 2nab , 5,0 46 , 5,0 26 2 



n(a-~) Ha--) n{a-~) 
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To estimate /, we fix a and choose e,'s such that ftg- — XfSij. Then 

4 Ripjqhpqh-ij ~ 4 Rkjkp ^ ^pi^ij^j 

i,j,P,q j,k,p i 

= 4^i? iW (A?A«-(A?) 2 ) 

- / \ 2 

= -2 ^ i?ipip ^Af - Ap J 
< 4nif 1 |ft Q | 2 . 

Hence we get 

(3.5) I<AnK l {\A\ 2 H + \A\ 2 ). 

By the choice of e„ + i, we have 

II = Ih+II 2 + Ih, 

where 

7/l = 2 ^ Rkn+lkn+ljh^ 1 ) 2 - 2a ^ -Rfcn+lfcn+1 (H n+1 ) 2 , 



JJ 2 = 4 ^ 5 fcafcn+ i(j;fc?.ft?+ 1 )-4a ^ R ka kn+iH n+1 H a , 

k,a>n+ 2 i,j k,a>n+2 

Ih = 2 Y, Rk ak p(j2 h ?> h ij)- 2a E RkakpH a H^. 

k,a,0>n+2 i,j ' fe,a,/3>n+2 

Since |i?| 2 = ^^_t fc at that point, we have 

JJi <2nif 2 |A|| + 2naK 1 \H\ 2 

=2nK 2 \A\ 2 H + 2{naK 1 + Jf 2 ) • J^l±i! 

a — — 

n 

= (2nK 2 + + ^ + 2^+^ + 2(^+ ^)6 

V / a-- o-- 

Since = for a > n + 2, we have the following estimates for II 2 and II3. 

jj 2 =4 X! ^ Qfen+ i(E^^ +1 ) 

fc,a>n+2 z,j 

=4 ^ Rkakn+l ( ^ ft. ",-ft."/ 1 ) 
fc,a>n+2 i,j 

< ( x 1 + /f 2 ) £ (JeW+'E^ 1 ) 2 ) 

fe,a>ra+2 i,j »,j 

=gn(d - 1)(^ + tf 2 )|i& + -{K x + if 2 )|i| 2 , 
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for any positive constant g. 

lis =2 ]T iW(E^X) 

k,a.JS>n+2 i,j 

=2 e R kaka (Y, h %?) +2 E ^w(E^X) 



fc,a>n+2 ij fc,a,/3>n+2,a^ 



<2n/f 2 |A|? + 2 ^ i?^(E^4) 

fc,a,/3>n+2,a^,3 i,j 

<2nK 2 \A\j + Yl 1^1 (E(^) 2 + K?) 

k,a,f3>n+2,a^f3 i,j 

<2nK 2 \A\j + (K 1 + K 2 ) Yl K? 

i,j,k,a,fS>n+2,a=tfS 

=2nK 2 \A\j + n(d - 2){K X + K 2 )\A\ 2 H . 
Hence we get the following estimate for II. 

// < (2nK 2 + 2{naK ^ + + [gn( d _ i) + n ( d _ 2 )](X 1 + tf 2 )^ 

(3.6) + ( 2(nQ ^t^ 2) + Vr + tf 2 ) + 2n^ 2 ) 

2(na7fi + JT 2 )fo 

For //J, we have 

7/7 = Ilh + III 2 , 

where 

777! = -16 E ( E h >Z +1 ) > 

j,p,a>n+2 i 

777 2 = -8 E ^(E fe ?X-)- 

j',p,a,/3>n+2,a^/3 i 

We have the following estimates for arbitrary positive constant p. 

\H\ 

n 



nh = -ie e ^p-+i(E^(^ +1 + v^)) 



i,p,a>n+2 

= - 16 E Rjpan+l ( E ° h "p' h Z +1 
j^p,a>n-\-2 i 

< 1 ^{k 1 + k 2 ) y, {-Mf+pikt 1 ) 2 ) 

j^p,i : a>>n-\-2 

= ™p(n - l)(d - l)(^ + K 2 )|i|| + g(„ - l)(Jf! + Jf 2 )|i|?. 

Here for the second equality, we use the fact that p Rj pan+ ih" p = since 
Rjpcm+i is anti-symmetric for j,p and /i" is symmetric for 
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For any fixed j3 > n + 2, we choose e$'s such that = X^Sij. Then 



in 2 =-8 E Rjp^x? 

/3>n+2 j^p,a>n+2,a^/3 

<|(^i+^) E E fe 2 + 7^iTx E (^) 2 ) 

<|(*r 1+ ir 2 )((n-l)*(d-2)|i|? + £ (n-l)i(d-2)]^i' 



Hence we have 



Ul <— p (n - l)(d- l)(Jfi + ^ 2 )|i|^ 

( 3J ) /16 8 \ 

+ ( T {n ~ 1) + g(n - l)»(d - 2)) + X 2 )|A| 2 . 



For 71/, we choose e^'s such that = Ai%. If i^i + K 2 0, we have 



IV — 2E ^ kRkiin+l{\ ~ Afc) — 2 ^ (VkRkij/3 — ViRjkkp)hij 
i,k 2, i 7,fc,/3>n+2 

<E (^(Vfe^m+i) 2 + 0(A, - A fc ) 2 ) 
(3.8) l ' fc 

+ E (|[(Vfc^) 2 + (V.iW) 2 ] + 

*,J>fe>/3>"+2 
r2 4 r2 



for positive constants 0, If A'i + .K2 = 0, then L = 0, and we may choose 9, = 0. 
Combining (|3.5[) - (|3.8[) . we have 



n(a— — ) n a — - nfa — - ) 



dl^l^ + Csl^lf + C36 + C4. 
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Here 



Ci =AnK t + 2nK 2 



2(naK 1 + K 2 



16 

gn(d - 1) + n(d - 2) + — p{n -l)(d- 1) (Ki + K 2 ) + (9, 



C 2 =AnK x + 2nK 2 



2{naK 1 + K 2 ) 



C 3 
C 4 



- + H( n _ i) + 5( n _ i)*( d _ 2 ) ) ( A, + K, , -f ,„/. 
p 3p 3 

2(na^i +X 2 ) 



a 

n 

2 /I r2 



4L* 



for K x + K 2 f and C 4 = for if x + K 2 = 0. 



If /v 1+ A' 2 ^ 0, set h = m ax{^(a-i), ^n(a-i), Jn(o-i)(r 



^3 1 „( 

with g = p = = i9 = l. If i^! + K 2 = 0, set b\ = 0. So if b > b%, we have 
— A^Q < 0. Then by the maximum principle, \A\ 2 < a\H\ 2 — b is preserved 
along the mean curvature flow. □ 

Remark 3.3. When K\ + K 2 ^ 0, we may get a better b\ by choosing suitable 
positive constants g, p, 9 and f?. 

Now we pick the constant bo in (jl.5l) such that bo > b\ . Since the submanifold is 
compact, if (jl.5l) is satisfied, then there are positive constants a e < a and b e > b±, 
where a denotes the cofncient of \H | 2 , such that \A\ 2 < a e \H\ 2 — b e holds at t = 0, 
and it is preserved along the mean curvature flow by Theorem 13.21 Hence in the 
remained part of the paper, we always assume that a £ < a, b e > b\ and omit the 
index e. 



4. A PINCHING ESTIMATE FOR THE TRACEFREE SECOND FUNDAMENTAL FORM 

In this section, we assume that at the initial time the submanifold satisfies the 
pinching condition \A\ 2 < a\H\ 2 — b for positive constants a, b such that a < ^ 
when n = 2, 3 and a < when n > 4, and b > b±, where b\ is as in Theorem l3.2l 
From the last paragraph of Section 3 we see that the positive constants a, b do exist 
under the condition (| 1 . 5|) and the pinching condition is preserved along the mean 
curvature. We prove a pinching estimate for the tracefree second fundamental form, 
which guarantees that M t becomes totally umbilical along the mean curvature flow. 

Theorem 4.1. There are constants Co < oo and S > depending only on Mo such 
that along the mean curvature flow there holds 

\A\ 2 < C \H\ 2 - S . 

To prove Theorem 14.11 we define a function f a = rj^|r^ and wish to find an 
upper bound of f a for sufficiently small a. We first derive the evolution equation 
of/ CT . 
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Proposition 4.2. There is a constant C depending only on n, d, K\, K2 and L 
such that along the mean curvature flow the following evolution inequality holds. 
(4.1) 

y« ± A/a+^^(v|si, yf,)-jj^^\ym 2 +MA\ 2 u +w ^+cu. 

Proof. By the definition of f a , we have 

(42) d_, ||i| 2 (l-a)\A\ 2 §- t \H\ 2 

1 ' ' dt Ja |F|2(2-<r) 

If we put a = — and 6 = in (|3.3p . then get the evolution equation of \A\ 2 . From 
this and (12.31) we have 



A\H\ 2 - 2\VH\ 2 + 2R 2 + Rk ak pH a H 



^ (i-.)|i| 2 
|if| 2 (i-<0 

The Laplacian of / CT can be computed as 

A|i| 2 (l-<x)|i| 2 A|ff| 2 (2-q)(l-q)|i| 2 |V|ff| 2 | 2 

/ct ifl-pt 1 -') |fr| 2 ( 2 -^) |i?| 2 ( 3 --) 

_ 2(l-d)(V|i| 2 ,V|iJ| 2 ) 

On the other hand, we have 
(4.5) 

2(l-a)(V|i| 2 ,V|g| 2 ) _ 2(1 -a) 8(1 - af 2 2 

| g |2(2-<r) [flf— ^ 1 1 ' [ffj* - ' ' ' " ■ 

Hence 



2a\A\ 2 2 4a(l-(T 



(4.6) 



2 



2 



2 ^ 2/ - + ,„i r r^-J4fl 



\H\ 2 \H\^-°) \ 1 \H\ 2 
_J p 2(1 - a) 

|£r|2(l-») 5 |JJ|2(2- 



I 1 P1 2(l-q)|i| 2 v - 



From Lemma I3.ll we have 
m I VA| 2 - W \VH\ 2 > - , _ a ) |Vff| 2 - C(n, d, Kl ,K 2 ,n) 

=e v |Vi/| 2 -C(n,d, Ki,K 2) v). 

Here a < ^ for n = 2, 3 and a < for n > 4, and we choose positive constant 
77 depending only on n such that ev = ^3 a > 0- We also have the following 

estimates. 

i? 2 < |A| 2 |#| 2 , 
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Pa < C\A\ 2 + C, 

and 

k,a,0 

where C is a positive constant depending on n, d, K\, K% and L. It follows from 
these estimates, (|4.6I) and (14.71) that 



(4.8) -A|i| 2 >|Vi| 2 + (hij^iVjH) +Z- C\H\ 2 - C 



(|- A )/^T <v|i,| ' vw -^ |Vff|2 

This completes the proof. □ 

To handle the reaction term 2a\A\ 2 f a , we need to compute the Laplacian of \ A\ 2 . 
As in pQ, we have 

1 

Y 

for some positive constant C depending on n, d, K\, K2 and L. Here 
(4.9) 

z= E ^«-E(E^<) 2 - E (E(^i-^i)) 2 - 

Proposition 4.3. There is a positive constant C depending on n, d, K±, K2, L 
and Mo such that for any p > 2 and ?/ > 0, i/ie following inequality holds. 

(4.10) 

/ \m 2 fs< 2 -^±^ [ f^\vH\ 2 + p —± ( /r 2 iv/.i 2 + ^. 

Proof. From (14.4)) and (I4.8j) . we have 
(4.11) 



|jy|2(l- ff )\ y> v » v J / |^|2(l-cr) I I |£f|2(l-<r) |jj|2(l- ff ) 



4(1 -<r) 8(1 -a) 2 

2 2 ,_ 5 ,o 2 



2(1-^(1-2.) , C 



|#|2 1 11 |jT|-2cr |fl"|a(l-«r) 
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Multiplying both sides of (|4. 1 1[) by and integrating over M t we obtain 



(4.12) 

0>(p-l)/ /r 2 |V/ CT | 2 + 2 / -£ T —r{h ij ,V i V j H) + 2 I -^|— T ivil 2 



7T 1 



-2(l-a)(l-2a) / JL|V|ff|| 2 - C f 



P-1 



/mJ^I 2 ' ' " J Mt \H\-^ 



Jm 


/r 1 




-2(1- 


a) L t w\ 


C I 

JM t 


fS 


li?l 2 (l- CT )' 



The first term on the right hand side of (|4.12[) is nonnegative. For the second 
term, we have the following computation. 



(4.13) 

/r 1 



= - 2 ( (H\i§i^) hij )^ jH 



JM t " 

=-■>-!„ ( | g |', ) £r < v -^^- v J g ' +4 / > "|gr» ) ir 1 <v,|g|i. i ,v,g> 



We also have 



-2(1 -a) / §;faA\H\ 

JM t \ H \ 

(4.14) =2(l-.)/^(v(| f ) ) V|iI| 

=2(1 -a) / ^(V/ CT ,V|i/|)-2(l-a) / 

JM, |-"l JJW-t 



l^l 2 



|V|#|| 



2 
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Combining (|4T2]> . (|4J3|) and (|4~1"4"1) implies 

ep-l r fp-2 



Jo 

M t \H\ 



2(n-l) f /r 1 



(4-15) -2(l-«7)( P -2) / ^i(V|F|,V/ CT 



1^1 

+2(1 -<w |v| * 112 

fp-i f fP 

+ c / = + c ' 



m 4 |ff|- 2CT Jm 4 |# l 2 ^ 

/• fp-1 

+ c /„,W^ |viJ| ' 

Here C is a positive constant depending on n, d, K\, K2 and L. 

Notice that f a < C\H\ 2o ~ and |I| 2 < f a \H \ 2 ^~ a ) , and we can pick a £ (0,1) 
sufficiently small. Also notice that the initial pinching condition is preserved and 
implies that for t > 0, there holds 

\H\ 2 > C> 

for some positive constant C depending on n, d, K%, K% and L. This implies that 

2(p-l) 

fP-1 \H\^~ fP' 1 2(p-l) 

2(p-l) 

f p_1 — ~ P" 1 2( P -i) 

and 

for any positive constant £ 

By using Young's inequality, we have the following 

(4.19) m^fP- 1 <e^\H\ 2 fP + e-P 

for arbitrary positive constant i. 

From (|4.16l) - (|4.19l) . the last two line of (|4.15j) is not bigger than 

(4.20) C(l + e)^ jf^ |H| 2 /p + Ce^Vol(Mo) + Ce' 1 J^_ a) 
for some positive constant C depending on n, d, K\, K% and L. 



(4.21) 
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On the other hand, we have the following inequalities as in pQ. 
p-1 f fV _ 2 ^, l2 , , f ft- 1 



( 4 - 22 ) -4(1 -<r) J m J^^^ H ^^ H ^ 4 J Mt \]§^)^ 
2(l-a)(p-2) / l^-(V\H\,VU) 

JMt 1^1 

/ Mi /r=iv/„p + (p-2)„/ ; _ w p^ Tl v ff p, 



(4.23) 



<£ -2 



(4.24) 



2(1 -"/„w |v|ff||2s2 trafe^ |Vff| 



Combining (|4~15|) . (|420|) - (|4T24|) implies 
(4.25) 

fP-1 

/Af t \H\W-°) 

<( 6 + fcil + (p _ + (p _ 2)M + / V ff| 2 



„ - " ^ J J Mt \H\W-°) 

— + —) I /r 2 |V/ CT | 2 + C(l + £ -)e^T / \H\ 2 ft + Ce- p Vo\(M ). 

From Lemma 4 in [T] we have Z > e|A| 2 |iJ| 2 for some positive constant e. Then 
from (|4.25[) we have 



(2e-C{l+e)e^) f \H\ 2 ft 

V ' JM t 

(4.26) < ( 6 +H£^ + (p-lto + (p-2) M + Cg- 1 ) J^^—^H^ 

+ ( P — + P —) I /r 2 |V/ CT | 2 + Ce-PVol(M ). 

p-1 

Now we put e = 1, £ = (2^) P ' an d let f] — /•*• Then (|4.26[) implies 

/ \H?ft< 2 -^±^( ^-—WHf + P-lf ft- 2 NU\ 2 + Cr. 

Here C is a positive constant depending on n, d, K\, K2, L and Mq. □ 
Proposition 4.4. For sufficiently small a and large p, there holds 

(4.27) / < Cp [ ft + CP, 

al JM t JM t 

where C is a positive constant depending on n, d, K\, K%, L and Mq. 



1(5 



KEFENG LIU, HONGWEI XU, AND ENTAO ZHAO 



Proof. We first compute the evolution equation of J M f§ as follows. 



(4.28) 



dt J Mt a J Mi dt 



ll|V/ CT 



<-p(p-i)[ /r 2 |v/ CT | 2 + 4(i-^/ %^MH 

JMt JM t \ n \ 

+Cp L,w^ +Cp L fS - 

The second integral on the right hand side may be estimated as 
(4.29) 

4(1 -' )p /„,W |vwl|v/ ' l£ 7l/ r!|v/ ' |2+2w l,P^ |vff|2 ' 

The last second term can be estimated from (|4. 1 7[) and (|4. 19[) as 
(4.30) CpJ^ < Ci ^pj M \ H \ 2 f« + Cpi- p Vol(M ), 

for a positive constant C depending on n, d, K\, K2, L and Mo. Combining 
(|4TTD|) , ([2^8 > (|4T3"0 ]) implies 

(4.31) 

d f (P ^ f „fP-l®f* 



*L ,: -L. y '- .» 



+ / /£ + (2pa + Ci&p) C p + Cpi- p Vo\(M ). 

Now we pick p = rj = |, e = (minj^f^y, * , and let p > || + 1 and 

o < min{ 4( 2 £ 7 C ) , Then (|4~3i"j) reduces to 



4 / y? < c P f fp + cp, 



for a positive constant C depending on n, d, K\, K2, L and Mq. □ 

To give an upper bound of J M f%, we need to show that the maximal existence 
time of the mean curvature flow under the initial curvature pinching condition is 
finite. 

Lemma 4.5. Under the initial curvature pinching condition, the mean curvature 
flow has a smooth solution on a finite maximal time interval [0, T) and maxjvf t |A| — > 
00 as t — > T. 
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Proof. Wc first show that if the second fundamental form is uniformly bounded by 
a positive constant K in a finite time interval [0, T), then the mean curvature flow 
can be extended over the time. For any fixed x £ M, any r, g £ [0,T) such that 
r < g, F(x, t),te [r, g] is a segment in N connecting F(x, r) and F(x, g). We have 

[Q g re 
(4.32) dist(F(x,T),F(x,g)) < J —F(x,t)dt = J \H(x,t)\dt < CT < oo. 

Hence F(x,t) converges uniformly to some continuous limit function F{x,T). We 
want to show that F(x,T) is a smooth immersion. To do this, we only have to 
establish uniform bounds for all the covariant derivatives of the second fundamental 
form on M t , t £ [0, T). Since M t stays in a compact region on N in view of (|4.32p . 

we have maxo<;< m |V m _R| < C m for positive constants C m independent of t. 

First, by the evolution of the second fundamental form, as Proposition 7.1 in 
|21) for example, and induction on m, we have the following evolution equations 

^|V"M| 2 <A|V"M| 2 - 2\V m+1 A\ 2 



(4.33) 



C(n,m){ |VM||V^||V fe A||V m v4| 

i-\-j~\-k— m 

C m Y, |VM||V m A| + (7 m |V"\4|}. 



For any t £ [0,T), we consider the mean curvature flow on the time interval 
[0,t]. Consider the function G = t\VA\ 2 + \ A\ 2 , which is bounded by K at t = 0. 
Differentiating the function we get for some positive constant C independent of t 
and r 

-^G <AG + \VA\ 2 - 2(t\V 2 A\ 2 + \VA\ 2 ) 

( 4 - 34 ) + Ct{\A\ 2 \VA\ 2 + |VA| 2 + \A\\VA\ + \VA\) 

+ C(\A\ i + \A\ 2 + \A\). 

Since we have already assumed that the second fundamental form is uniformly 
bounded on [0,T) by K, (|4.34[) may be reduced to 

(4.35) ^-G<AG+(Gi-l)|VA| 2 + G, 

at 

where C is a positive constant independent of t and r. For t £ [0, where G is 
as in (I4.35|) . we obtain from (I4.35|) 

(4.36) |-G<AG + G, 

at 

which implies by the maximum principle G < K + Ct. Hence |VA| 2 < ^ < -|- + G 
for t £ (0, £?]. If t > ^r, the same argument on time interval [t — ^,t] yields 
|VA| 2 < G for some G independent of t and r. Since r £ [0,T) is arbitrary, we 
have |VA| 2 < G(l + |) for i € (0,T), where G a constant independent of t. 

Now wc assume that there are positive constants Ck independent of t such that 
\V k A\ 2 < G fc (l + 4) holds for fc = 1, 2, • • • ,m - 1 and t £ (0,T). Using Young's 
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inequality, (|4.33[) implies 
d 



(4.37) 



at 



V k A\ 2 <A|VM| 2 - 2|V fe+1 yl| 2 + C k 



<A\V*A\* - 2|V fc+1 yl^ + C k [ |V*A| 



\V k A\ + \V k A\ 2 + 1 



1 

1 + ¥ 



where C k is a positive constant depending on k and others but independent of t. 



Consider G = V 
t gives 

(4.38) 



|V"M| 2 + mt m - 1 \V m - 1 A\ 2 . Differentiating G with respect to 



d 

—G <mt r ' 
dt ~ 



V m A\ 2 + t m A|V m A| 2 + C r 



..(\V m A\< 



1 + — 

t m 



|V m "M|^ 



+ m{(m- l)t m ~ 2 \ 

A|V m_1 A| 2 - 2\V m A\ 2 + C m -i 



+ t 



(iv-W + i + ^r)]} 



<AG + (C m t - m)t m - 1 \V m A\ 2 + C„ 



provided t < 1, for some positive constant C m depending on m and others but 
independent oft. Hence for t 6 (0,min{l, ^r-})j by maximum principle, |V m A| 2 < 

j^r < t m-i < C m (l + i) for some positive constant C m depending on m and 
others but independent of t. For t > min{l, ^p-}, the same argument gives the 

bound of \V m A\ 2 . Hence we have proved that \V m A\ 2 < C m (l + for t € (0,T) 
for constants C m independent of t. 

Now we prove that, under the initial curvature pinching condition, the second 
fundamental form of the submanifold will blow up in finite time. Consider the 
function Q = \A\ 2 — a\H\ 2 + b(t) where a — ^ for n = 2, 3 and a — — ^- for n > 4 
and 6(t) is a function of i with b(0) such that Q(0) < 0. By the initial pinching 
assumption, we may pick 6(0) = b e > b\. We will show that Q < is preserved for 
a suitable b(t). Suppose not, then there is a first time such that Q — at a point. 
Then at this point, we have the following estimate as (|3.9[) 

(§ 1 ^)q<-J^\^--A^\a\ 2 1 262 



(4.39) 



n(a-i) »(<*-£) «(<*-;;) 

dlil 2 , + C 2 |i| 2 + C 3 6 + C 4 + &'(£)• 



Now we pick b(t) such that &'(£) 



2/..- 



C 3 b - C 4 . Then § - A )Q < 



~) J Vat 

which implies that Q < is preserved along the mean curvature flow. On the other 
hand, it is easy to check that b(t) is monotone increasing and becomes unbounded 



as t — > t,Q for some to < 00. Hence \A\ 2 becomes unbounded as t 
completes the proof of the lemma. 



to- 



This 
□ 



Now from Proposition 14.41 and Lemma 14.51 we see that J M f% < C holds for 
t £ [0, T) with a positive constant C independent of t. We also have a Sobolev 
inequality for Mt (see [8]). Hence we may apply the same argument as in [9] and 
[TO] to derive a bound for f a if a is small enough. This completes the proof of 
Theorem 14.11 
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5. The gradient estimate of the mean curvature 

To compare the mean curvature of the submanifold at different points, we need 
to give an estimate of the gradient of the mean curvature. 

Theorem 5.1. For any rj > 0, there is a constant < oo independent oft such 
that 

(5.1) \WH\ 2 < V \H\ 4 + C V . 

Proof. First we have the following inequalities by using a similar computation as 
in [1] and [10] 

(5.2) |-|ViJ| 2 < A|Vff| 2 - 2|V 2 £T| 2 + C\H\ 2 \V A\ 2 + C\VA\ 2 + C\H\ 2 , 



(5.3) ^\H\ 4 > A\H\ 4 - 12|ff| 2 |V!if + ^\H\ 6 - C, 

where C is a positive constant independent of t. 
For any Nx,N 2 >0, 

(5.4) 

^((iVx + iV 2 |A| 2 )|i| 2 ) =A((AT 1 + iV 2 |v4| 2 )|i| 2 ) - 2iV 2 (V|v4| 2 , V|i| 2 ) 

- 27V 2 |i| 2 |VA| 2 - 2(iVi + 7V 2 |,4| 2 )|Vi| 2 

+ 2N 2 (R 1 + P )\A\ 2 + 2(JV X + NilA] 2 )^ --+Pi). 

n 

The second term on the right can be estimated as follows. 

-2iv 2 (V|A| 2 ,V|I| 2 ) <8N 2 \A\\WA\\A\\wA\ 
(5.5) <%N 2 C n \H\\VA\ 2 ^C' \H\ 1 'i 

<%N 2 C n ^C~ \S7A\ 2 { Q ^\H\ 2 + e -i), 

where C n — ^7= , Co an d S are as in Theorem 14. 1[ and g > is an arbitrary 
constant. Using Young's inequality and the pinching assumption, we have i?i+Po < 
C(\H\ 4 + 1) and R x - Sa. +p x < C\A\ 2 {\H\ 2 + 1) + C, where C is independent of 



20 KEFENG LIU, HONGWEI XU, AND ENTAO ZHAO 

t. These together with (|5.4[) and (|5.5[) imply 
(5.6) 

^((iVj + N 2 \A\ 2 )\A\ 2 ) <A((JVi + N 2 \A\ 2 )\A\ 2 ) 

+ 8iV 2 C7 nA /Co|VA| 2 ( e ^ |ff| 2 + g-*) 

- 2JV 2 |I| 2 |VA| 2 - 2(iV x + iV 2 |A| 2 )(^-l|VA| 2 - c) 

V 2n + 1 / 

+ 2^ 2 |I| 2 (C|i7| 4 + C) 
+ 2(iV a + 7V 2 |A| 2 )(C|i| 2 (|ff | 2 + 1) + C) 
<A((iV 1+ iV 2 |v4| 2 )|I| 2 ) 



( 2 / 9 n -^U 2 - 8JV 2 c nV /cb e *M |^| 2 |VA| 2 

\n(2n +1 / 



,n(2n+ 1)" 

-f^T^^i-8iV 2 C n ^-t)|V^ 2 
V 2n + 1 / 

+ (2iV 2 C + 27V 2 CC„)|i| 2 | J ff| 4 

+ C(iVi,iV 2 )|i/| 4 + C(JVi,jV 2 )|!/| 2 + c(Ni,N 2 ). 

Here C is some positive constant and C(iVi, iV 2 ) is some positive constant depending 
on iVi, A^ 2 and others. Choose g such that w ( 2 w+i) = ^CViVCof?*^ 7 • Then ([5~ 
implies 

9 : ((iV! + iY 2 |A| 2 )|i| 2 ) <A((7V 1 + AT 2 |A| 2 )|i| 2 ) 



9* 

-iV 2 |if| 2 |VA| 



(n — 1) , l0 , . ,o 



n(2n + 1 

( 5 - 7 ) /2fn-l 

^ 1 ^-C(iV 2 ))|VA| 



V 2n + 1 
+ (27V 2 C + 27V 2 CC n )|I| 2 |ff| 4 

+ C(JVi, JV 2 )|.ff| 4 + C(JV ll JV 2 )|.ff| 2 + C{N U N 2 ), 

for some positive constant C(iV 2 ) depending on JV 2 and others but independent of 

Now consider the function / = |ViJ| 2 + (JVi + iV 2 |A| 2 )|i| 2 - r]\H\ 4 . Then / 
satishes 

4/ <A/ - (4^—7-7^^2 - C - —v) \H\ 2 \VA\ 2 
ot \n(2n +1) n J 



'2{n- 1) 



(5- 



JVi-a(Jv a )-a)|vA| s 



V 2n + 1 
+ (27V 2 C + 2iV 2 CC n )|I| 2 |i7| 4 
+ C(iV 1; iV 2 )|iJ| 4 + (C(Ni,N 2 ) + C)\H\ 2 + C(N lt N 2 ) 

-- V \H\ 6 + C V , 
n 

where C is as in (15.21) and (|5 . 3[) . Now we first choose iV 2 large enough such that 
the gradient term on the first line of (|5.8p is nonpositive. Then we choose N\ large 
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enough such that the gradient term on the second line of (|5.8[) can be absorbed. 
The remained terms can be estimated by using Theorem 14.11 and Young's inequality, 
which gives 

(5-9) ^f<Af + C(N lt N2,v), 

where C(Ni, N2,tj) is some positive constant depending on Ni,N2,rj and others 
but independent of t. Since the maximal existence time of the mean curvature flow 
is finite, we conclude that / < C, r Then the theorem follows from the definition of 

□ 



6. Contraction to a round point 

In this section we show that as time tends to T, the submanifold will shrink to 
a single point. If we dilate the metric of the ambient space by a factor, which is a 
function of t, then the submanifold will maintain the volume. After a reparameter- 
ization of time, the dilated submanifold converges to a totally umbilical sphere in 
the Euclidean space as the reparameterized time tends to infinity. 

We need the following lemma. 

Lemma 6.1 ([27 ). Let M n be an n- dimensional submanifold in an (n + d)- 
dimensional Riemannian manifold N n+d , and tt a tangent 2-plane on T X M at point 
x G M . Choose an orthonormal two-frame {ei, at x such that n = spanjei, e2j-. 
Then 

1 I HI 2 n+d 

a=n+lj>i,(i,i)^(l,2) 

In Lemma I6.ll K(ir) is the sectional curvature of M for the 2-plane tt, and 
K min is the minimum of the sectional curvature of N at point x. From our as- 
sumption and a £ < — ztj we see that the sectional curvature Km of the evolving 
submanifold satisfies Km > e 2 \H\ 2 > for some constant e provided we choose 
bo = max{£>i, 2Ki}. Note that bo = if K% + K2 = 0. With the same argument 
as in [T| we have |^-| max — > 1 and diami\/ — >• as t — >• T. Hence the submanifold 
shrinks to a single point P € N along the mean curvature flow. 

To see that the evolving submanifold becomes spherical, we dilate the metric 
of the ambient space such that the submanifold with the induced metric by the 
immersion has fixed volume along the flow. Let ^ be a function of t satisfying 

= 1 J Mt \H\ 2 d^ t = h 
dt n J M dfi t n 

Let h be the Riemannian metric on N. Now we dilate the metric h such that 
(N, ip(t) 2 h), t e [0, T) is a family of Riemannian manifolds. Let g(t) be the induced 
metric on the submanifold M from (N, ip(t) 2 h) by the immersion F t . We denote by 
(M,g(t)) the dilated submanifold with the isometric immersion F t , where M = M 
and Ft = F t . We also have the following relations. 
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Lemma 6.2. 



A 


= A 


H 


= ^ 2 H, 


\A\ 2 




\H\ 2 


= r 2 m 2 .. 


d h(t) 




V 


= v, 


A 





Proof. Let {a;*} be a local coordinate system on M. For the induced metric, we 
have the following 

. _ I dF 8F \ 
/ 8F 8F \ 

= —) 

\ dx l ' dxi I h 



For the second fundamental form, noting that e a = 1 e Q , we have 

' d 2 F 
dx l dx : > 



d 2 F 

h a - -I e 

ip 2 h 



2 / d 2F 

^ \ dx l dxi ' ^ 6 ° / ; 

Hence 

hij = ^2 hfjia = ^2 iph? J ip- 1 e a = hij, 

a a 

which means A = A. 

The mean curvature is the trace of the second fundamental form, so 

H = g^hij = ^ 2 g l3 h tl = ^ 2 H. 

For the squared norm of the second fundamental form and the mean curvature, 
we have 

\A\ 2 =g ik g kl hfh^(e a ,e p ) rh 
= r 2 9 lk 9 kl h%h%{e a ^) h 
= i>- 2 \A\ 2 , 

\H\ 2 = {H,H)^ h 

= ^ 2 (^- 2 H^- 2 H) h 
= ->P~ 2 \H\ 2 . 
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The relation of the volume forms follow from g = ip 2 g. The Christoffcl symbols 
are scale invariant and thus the connection is also scale invariant. Finally, from the 
definition of the Laplacian and the scalar invariance of the connection, we see that 

A = t/j- 2 A. a 

It is easy to check that 

which means that the volume of the dilated submanifold is fixed as t tends to T . 
Now we define the rescaled time variable t by 

t(t) = [ V 2 (r)dr. 
Jo 

So | = 

For < t < T = <(T), we first has the following estimates. 
(6.1) \A\ 2 < C n \H\ 2 , 



(6.2) l^HIL^iast- 

\H\ max 



(6.3) K min > e 2 \H\ 2 . 

For the induced metric we have the following evolution equation. 

¥t 9ij ' di 9ij 



(6-4) =ii- 2 (2^g lJ -ii 2 2H-h l] ) 

2 

= — 2H ■ ha H — hqi j 
n 

2~_ 

= —2H-hij H — frcjij- 

Here ~ denotes the inner product with respect to the metric ip 2 h. The volume form 
djli satisfies the following equation. 

(6.5) ^dfr={h-\H\ 2 )dji- t . 

Proposition 6.3. < C m i n < \H\ m \n < |ff|max < Cm^ < co holds forO<t<f. 

Proof. From (|6.3p . the sectional curvature of Mf is nonnegative. The Bishop- 
Gromov volume comparison theorem implies that Vol(Mj) < CcP, where d is the 
diameter of Mr. From the Bonnet theorem, we also have d < —/== . On the 

other hand, since Vol(Af ( ~) = Vol(Mo), we have |ff| m in < C, and then (|6.2|) implies 

H ni ax ^ Cm ax • 
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If we can show that |-ff| ma x > C > 0, then (|6.2|) implies |£f| m i n > C m i n > for 
all t € [0,T). Suppose \H\ max -> as t -> f, (f67T]) implies that |A|max as 
t-tf. Since |if| 2 satisfies 

^- t \H\ 2 <A\H\ 2 + c\H\l a jH\ 2 , 

we can follow the argument in [B] to show that J Q T j-H^^cfe = oo. On the other 

I M I 

hand, since rgr— — > 1 as i — > T, then for a <, > there is a positive constant <5 > 
such that Jj^pi < i + c f or a n t g [5, T). So 



oo = - - / \H\*dt 



T 

2 



1 


(1 


+ ^) 2 




1 


(1 






1 


(1 






1 



max 1 / I Imm 



This implies J Q T |ff l^^di = oo since J Q C |-H]max^ < oo. We also have 4| = ip 2 and 
|i?| 2 = ip~ 2 \H\ 2 , hence 

/ H(t)dt= [ h(t)dt> [ \H\l lin (t)dt = oo. 
Jo Jo JO 

However, we have h < \H\ 2 lax < C 2 lax . Therefore T = oo. By the definition of 
the rescaling of the time variable, T = t(T) = j Q V 2 ( T )^ T - Since T < oo, we have 
i/j(t) — > oo as t — > T. This implies that (N,ip 2 h, P) converges to the Euclidean 
space as t —> oo. Since we have 1^4.^^ — > as t — > T, the family of immersions 
F : M —> (N,t(j 2 h) for t £ [0, oo), will converge to the isometric immersion of 
an n-dimensional Euclidean space into an (n + (Z)-dimensional Euclidean space as 
t — > oo. This is a contradiction since the volume of Mf is unchanged along the flow. 
This competes the proof of the proposition. □ 

Now we look at the tracefree second fundamental form A of the immersion F. 
From Theorem 14. 11 we have the following inequality 

\A\ 2 < C ib- S \H\ 2 ~ S , 

which holds for all t € [0, T). As in the proof of Proposition 16. 31 we have T = oo 
and ip(t) — ¥ oo as t — > oo. Hence there holds 

\A\ 2 1 

|A| 2 -> 0, KJ > as t-> oo. 

\H\ 2 n 

Since (N,i/} 2 (t)h,P) -> {R n+d ,5 AB ,0) in C,™ -topology, we see that F(t) tends to 
a totally umbilical immersion from a standard sphere with the same volume as Mo 
into the Euclidean space at least in the C°-topology. 

To see that the convergence is in C°°-topology, we only need to show that all the 
covariant derivatives of the second fundamental form are uniformly bounded. The 
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second fundamental form A is uniformly bounded by (|6.ip since the mean curvature 
is uniformly bounded. 

Along the mean curvature flow, M t will stay in a compact region of N, say, 
M t C B h (P, r) for t G [0, T) and a suitable r > 0. After the dilation, Mj C B h (P, r), 
where Bh(P,r) is in fact equal to B^,2^ h (P,ip(t)r) as a set. By the definition of 
the dilation, the Riemannian curvature and its covariant derivations of the ambient 
space, when restricted to Mj, are uniformly bounded by constants independent of 
I 

Lemma 6.4. Let P and Q be two quantities depending on g and A, and P satisfies 
the evolution equation ^ = AP + Q along the mean curvature flow. If P has 
degree a, that is, P — ip a P, then Q has degree a — 2 and after dilation, P satisfies 

dP ~ ~ ~ a~ ~ 
^ = AP + Q + -hP. 
at n 

Proof. Using the similar computation as in the proof of Lemma 9.1 in [9], we can 
prove the lemma. □ 

We also need the following interpolation inequalities. 

Lemma 6.5. Let T be any tensor and m an integer. There is a constant C(n,m) 
independent of the metric and the connection such that 

f \V l T\^d^< C-maxlTl 2 ?^ 2 / |V m T| 2 d^ 
Jm m Jm 

holds for any 1 < i < m — 1, and 

f \V*T\ 2 dn<c( [ \V m T\ 2 d^) m ( ( \T\ 2 d^] 

JM \JM J \JM J 

holds for any < i < m. 

Proof. These interpolation inequalities were proved in [6]. □ 
From Lemma l6.4( we have the following inequality after dilation. 



-,|V m i| 2 <A|V m I| 2 - 2|V m+1 I| 2 
dt 

+ C(n,m){ |V l i||V J i||V fe i||V m i| 

(6.6) i+'j+k=m 

+ C m |VM||V m i| + <5 m |V m i|} 
+ C{n,m)h\\7 m A\ 2 . 

To prove that for any integer m > 0, |V"M| 2 is uniformly bounded on [0,oo), 
we argue by induction on m. Obviously, for m — 0, \A\ 2 is uniformly bounded. 
Suppose that | VM| 2 is uniformly bounded on [0, oo) for i = 1, 2, • • ■ , m — 1. Then 
from (|6.6[) . we see that there holds 

(6.7) ^|v m i| 2 <A|V m i| 2 - 2|V m+1 I| 2 + C\V m A\ 2 + C 
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for some positive constant C independent of t. Here we have used Young's inequality 
and the boundedness of h which is implied by that the mean curvature is uniformly 
bounded and the area of the submanifold is fixed. From (|6.7p we have 

-§/ \V m A\ 2 d^ t =( |L|V™I| 2 d£ t - + / |V m i| 2 |Ux t - 
dt JM t JM- t at Ju t at 

<-2 [ \V m+1 A\ 2 dfi i + C f \V m A\ 2 dfir 

JM { J Mi 

+ [ \V m A\\h-\H\*)d~K + C 

J Mi 

< - 2 / \V m+1 A\ 2 d{i- t + C [ \V m A\ 2 d^ + C. 

JMi JM { 

By the second interpolation inequality in Lemma 16.51 we have 



(6.8) 



f \V m A\ 2 dix- t <c( ( |V m+1 i| 2 ^ t ~V" +1 ( I \A\ 2 d~v 

J Mf \JMi J \JMi 

(6.9) <Crj [ \V m+1 A\ 2 djl i + Cr 1 - m f |i| 2 <% 

JM{ JMi 

<Crj [ |V m+1 i| 2 (% + (?7r m 
JM { 

Combining ()6.8[) and (|6.9[) . we have 

-§/ |V m l| 2 # t -<-2 / \V m+1 A\ 2 dfc-C [ \V m A\ 2 dfc + C 

at JM t JM t JM t 

(6.10) +2CCTJ [ \V m+1 A\ 2 dfl i + 2CdT 1 - m 



C [ |V m I| 2 d// t ~ + <7. 

J Mr 



Here we have chosen rj = {CC)- 1 and C = C+2CC(CC) m . Put /(f) = J A _ \V m A\ 2 dfl h 
then 

If /-§ < at t = 0, then it holds for any t G [0, 00), which implies \V m A\ 2 djl~ t < 
C m for some positive constant C m depending on m but independent of t. 

If / - % > at t = 0, then f - % < (/(0) - §)e- c *. This also implies 
that Jjq. |V"M| 2 G?/ij < C m for some positive constant C m depending on m but 

independent of i. 

From the first interpolation inequality in Lemma 16.51 we see that 

/ \V m A\vdfi- t < C m , p 

J Mi 

holds for large p. Combining this with the Sobolev inequality in [8] , we may carry 
out a Stampacchia iteration process just as in [9] and [10] to get that |V"M| 2 < C m 
for a constant C m < 00 depending on m. 

Hence we have proved that the convergence is in fact in C°°-topology. 
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